In the paper we investigate the evolution of the relativistic particle (massive and massless) with spin defined by Hamiltonian containing the terms with momentum-spin-orbit coupling. We integrate the corresponding Hamiltonian equations in quadratures and express their solutions in terms of elliptic functions.
Introduction
Deformation of Lie algebra structure on the fixed vector space g is known to provide a construction of a family of Lie-Poisson brackets on C ∞ (g * ), where g * is the vector space dual to g. If this family contains a pencil of brackets one obtains bi-Hamiltonian structure on g * which leads to the construction of an integrable hamiltonian hierarchy, e.g. see [1] , [2] . In the paper [4] we investigated such infinite parameter deformation of the Lie-Poisson structure on the ideal L 2 + (H) of the upper triangular Hilbert-Schmidt operators acting on the real Hilbert space H, which has the properties mentioned above. Applying results obtained in [4] to the case when dim H = 5 we find an integrable hamiltonian system, see equations (20-23), on the vector space L + of upper triangular (5 × 5)-matrices which one can consider as a dual space to the Lie algebra E a (1, 3) . This Lie algebra is defined as a one parameter a ∈ [−1, 1] deformation of Euclidean Lie algebra (a = 1) in four dimensions. When a = −1 we obtain Poincare algebra and the Galileo algebra for a = 0.
In Section 2 we solve equations (20-23) in quadratures expressing their solutions in terms of the first-coordinate W 0 (t) of Pauli-Lubansky four-vector. The dependence of W 0 (t) on the evolution parameter t is also studied.
Using the twistor description of Minkowski space-time (e.g. see [7] , [3] ) we investigate in Section 3 the time-evolution of the position vector X(t) of the massive relativistic particle with a spin, see formula (99). In Section 3 we also describe the time dependence of the twistor coordinates for the massless particle with non-zero helicity, see formula (77).
The physical sense of the hamiltonian relativistic system studied in the paper is hidden in the form of Hamiltonian (19) which gives a coupling between the momentum, angular momentum and spin of the relativistic particle.
In the Euclidean case, i.e. when a = 1, one has a model with a rather different geometry. Namely, from (10), (11) and (14) we find that solution of (20-23) describes the evolution of a point on the bundle T S 3 tangent to the three-dimensional sphere.
2 Bi-Hamiltonian structure on L + and the related integrable systems
Let us start our consideration with defining the pencil of metric tensors
where a ∈ [−1, 1], on the four-dimensional affine space E
1,3 a
with coordinates x µ , µ = 0, 1, 2, 3. We will denote the symmetry group of (E
1,3
a , ds 2 a ) by E a (1, 3) and its Lie algebra by E a (1, 3), respectively. Using (5 × 5)-matrix representation we find that g ∈ E a (1, 3) iff
where τ ∈ R 4 , R 4 ∋ 0 is zero vector and Λ ∈ Mat 4×4 (C) satisfies
Any χ ∈ E a (1, 3) is of the form
where y ∈ R 4 and X ∈ Mat 4×4 (R) satisfies
The vector space E a (1, 3) * dual to the Lie algebra E a (1, 3) we will identify with the vector space L + of strictly upper triangular (5 × 5)-matrices. The pairing between ρ ∈ L + and χ ∈ E a (1, 3) is given by χ, ρ := T r (χρ) .
Taking
and defining
where k, l, n = 1, 2, 3, we find that Lie-Poisson bracket {·,
Note that one has the following two invariants (Casimir functions) of the coadjoint representation
where
while η
The coadjoint representation of E a (1, 3) on the dual space of L + has the form
where we represent ρ ∈ L + ∼ = E a (1, 3) * by the four-momentum P = (P µ ) and the angular momentum M = (M µν ) defined in (7) and (8).
We note also that for a, b ∈ [−1, 1] the Poisson brackets {·, ·} a and {·, ·} b define bi-Hamiltonian structure on L + , i.e. their linear combination {·, ·} a + ǫ{·, ·} b , ǫ ∈ R, is also a Poisson bracket on L + , see [4] .
Thus we obtain that Casimirs of {·, ·} b :
are the integrals of motion being in involution with respect to the Poisson bracket {·, ·} a . Hamiltonian equations associated with the Hamiltonian
where c, d ∈ R are as follows
In order to solve these equations it suffices to possess four functionally independent integrals of motion. We choose P 0 and J as these integrals. Using the variables ( P , W ) we rewrite (22) and (23) in the form
Now let us introduce new variables
From (24) and (25) we find that these variables and W 0 satisfy the following equations
which can be integrated in quadratures:
Without loss of generality we can assume J = (0, 0, J) and obtain
After passing to polar coordinates
Using formulas (34), (35), (36) and (37) we find that the solutions W (t), P (t) of equations (24), (25) are expressed by first-coordinate of the spin four-vector W 0 (t) which is an elliptic function of t defined in (31). Now, we express the solution L = L(t) by the functions W (t) and P (t). To this end we take the vector product of both sides of (13) and apply the identity
This gives
where ξ := J · L and −W 0 = J · P is found in (31). From (23) and (39) we
Solution of (40) is given by
3 The case of relativistic particle with spin
In this section we will present in details the physical interpretation of Hamiltonian system (20-23) integrated in the previous section. We will restrict ourselves to the case when the deformation parameter a ∈ [−1, 0], i.e. when E a (1, 3) is Poincare or Galilean group.
In our considerations we will use the twistor description of the space-time E
a , when a = −1. So, let us begin from some necessary facts concerning the twistor theory approach to the symplectic geometry of the relativistic particle phase spaces, for the details see [3] .
Let us recall that the twistor space T is C 4 equipped with in the Hermitian form Φ of the signature (+ + −−). The Grassmannian G(2,
In the following considerations we will take
assume
where 0 = 0 0 0 0 , σ 0 = 1 0 0 1 ∈ Mat 2×2 (C), and let us identify Lie algebra su(2, 2) with its dual su(2, 2) * by
The decomposition T = ∞ ⊕ o of the twistor space defines the corresponding decomposition of su(2, 2) ⊂ End T:
where X ∈ su(2, 2) belongs to: the translation Lie subalgebra T ∞ ⊂ su(2, 2) iff ImX ⊂ ∞ ⊂ KerX, the acceleration Lie subalgebra A ∞ iff ImX ⊂ o ⊂ KerX, while the Lorentz subalgebra L o,∞ and dilatation subalgebra D o,∞ are the commutant and centralizer of su(2, 2) o ∩ su(2, 2) ∞ , respectively. Using the pairing (44) we obtain the following vector space isomorphism:
Now, let (P, ω) be SU(2, 2) -symplectic manifold and let J : P −→ su(2, 2) * ∼ = su(2, 2) be the corresponding momentum map of the phase space P into LiePoisson space su(2, 2)
* . Matrix block notation consistent with the decomposition (45) allows us to express J (p) at p ∈ M as follows
where d(p) is the dilatation and
ln , are the four-momentum, four-acceleration, and relativistic angular momentum, respectively. In (48) we use summation convention for µ = 0, 1, 2, 3 and k, l, n = 1, 2, 3 and σ 1 = 0 1 1 0 ,
* by d = 0 and A = 0. So, the momentum map J : p −→ J (p) ∈ P * (1, 3) of the phase space P into P * (1, 3) is defined by J : p −→ (P (p), M(p)) ∈ Mat 2×2 (C) × Mat 2×2 (C). By P(1, 3) we will denote Poincare-Lie algebra which corresponds to a = −1.
For (2×2)-matrix calculus it is useful to introduce the following operation on B ∈ Mat 2×2 (C):
For example using this operation we arrive at the identities
and
We define the Pauli-Lubansky four-vector W = W µ σ µ in the following way
where R † = R and W † = W . Now we apply the formalism investigated in the above preliminaries to the description of the Hamilton dynamics given in Section 2 in terms of the Minkowski space geometry. Let us begine from the case of massless particle with non-zero helicity. The phase space of such particle is the manifold the positive defined projective twistors
where [v] := Cv is a one-dimensional complex subspace of T spanded by 0 = v ∈ T. The SU(2, 2)-invariant symplectic form ω + α on PT + is the Kähler form ω
In the subsequent we will use spinor coordinates (η, ξ) ∈ C 2 × C 2 for the twistor v = (η, ξ) ∈ T defined by the decomposition T = ∞ ⊕ o. After passing to the homogeneous coordinates
, where ξ 2 = 0, we obtain the coordinate representation for symplectic form (54):
The momentum map J
and it leads to the formulas for four-momentum and relativistic angular momentum
Using (58) and (59) we obtain
) in the (ζ 1 , ζ 2 , ζ) -coordinate representation:
The momentum map (57) is a Poisson map from the symplectic manifold
where Poisson bracket {·, ·} α,+ is defined by the symplectic form ω + α . In the coordinates (ζ 1 , ζ 2 , ζ) it takes the form (58), (59) and (52) satisfies the relationships
The above conditions confirm that we are in the case of the massless particle with the helicity α 2 which phase space is given by the symplectic leaves of the Lie-Poisson bracket {·, ·} a defined by the conditions c 1 = c 2 = 0. So, one can pull back the solution P (t), L(t) of Hamilton equations (20-23) on the symplectic manifold PT + , ω + α by the map
given by (77), are the solution of Hamilton equations
defined on PT + , ω + α by the Hamiltonian h • J + α , where h is given by (18). Equations (78-80) prove to form a system with rational nonlinearities. Due to (76), it follows from the above considerations that after passing to the coordinates ( P , W ) we linearize the hamiltonian system under consideration.
In order to describe the phase space of a massive particle with the spin s = 0 let us consider twistor flag space
Similarly to the case of Grassmannian M we will enumerate the orbits F k,lm of the natural action of SU(2, 2) on F by the signatures k = sign Φ | [v] , lm = sign Φ | z of the restrictions of twistor form to the flag [v] ⊂ z. We restrict our interest to the orbit F +,++ consisting of the positive flags. For physical interpretation of the flag spaces of differen signatures, see [3] . One has the following double fibration [3] we show now that M ++ is the phase space of massive spinless particle and F +,++ is the phase space of a massive particle with non-zero spin. For these reasons let us pass to the coordinate description of M ++ and F +,++ consistent with the decomposition T = ∞ ⊕ o given by (43). We have
det Y > 0 and Tr Y > 0.
Let us take the product PT + × PT + of the one-twistor phase spaces with the symplectic form
where π i : PT + × PT + −→ PT + is the projection on the i-th component of the product. The symplectic form ω 12 is invariant with respect to the natural action of SU(2, 2) on PT + × PT + and the momentum map J 1,2 :
The function s 2 : PT × PT −→ R defined by
in an invariant of the conformal group SU(2, 2) . The projective twistors are
with respect to the twistor form Φ iff 
Using vector notation for M, see (48), we can rewrite (91) as follows
Inverting (91) we find
The formula given above allows us to obtain the time evolution Y 0 = Y 0 (t), Y = Y (t) and X = X(t) described by the Hamiltonian (19). For this reason we only need to assume that the evolution parameter t appearing in the Hamilton equations (20-23) is the time related to the space-time coordinate X 0 by X 0 = ct, where c is the light velocity. From (98) we have
where m is the relativistic particle mass defined by −(mc) 2 = c 1 , cP 0 and J are its energy and angular momentum, being integral of motions in the case under consideration. Note that ξ(t) is expressed in terms of W 0 (t) in (41) while elliptic function W 0 (t) is defined in (31). Time evolution of the momentum P (t) and spin W (t) is also given in terms of elliptic function W 0 (t), see formula (34-37). The physical sense of the integrated Hamiltonian dynamics one can recognize from the form of the total energy function (19).
Concluding remarks
The hamiltonian integrable system investigated in the paper describes time evolution of the relativistic particle (massive and massless) with non-zero spin. The Hamiltonian governing this evolution is invariant with respect to the translation of Minkowski space-time and the rotation of the space, which means that the particle does not interact with the external filed. However, the dynamics has rather complicated nonlinear character that is caused by the coupling between the momentum, angular momentum and spin of the particle.
The Galilean case we do not discuss separately. It can be obtained from relativistic one in the a-vanishing limit.
The Euclidean case needs an approach different from the twistor one. Here we can consider four-vectors W µ and P µ as a dynamical variables which satisfy the conditions (10), (11) and (14). As a result one obtains a hamiltonian system on the bundle T S 3 of vector spaces tangent to three-dimensional sphere S 3 . In the paper we do not discuss this case in details.
